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ABSTRACT

The purpose of this paper is to intro-
duce a new wire routing method for two layer
printed circuit boards. This technique has
been developed at the University of Illinois
Center for Advanced Computation and has been
programmed in ALGOL for a B5500 computer.
The routing method is based on the newly de-
veloped channel assignment algorithm and re-
quires many via holes. The primary goals of
the method are short execution time and high
wireability. Actual design specifications
for ILLTAC IV Control Unit boards have been
used to test the feasibility of the routing
technique. Tests have shown that this al-
gorithm is very fast and can handle large
boards .

INTRODUCTION

In the past few years, several new wire
routing.algorithms have been introduced. Un-
til that time Lee's [1] algorithm had been
the only widely known technique. The primary
adventages that these new algorithms have
over Lee's method are that they require much
less computer time and much less storage
space. The most noted of these new algoritms
are the line search technique of Hightower
[2] or Mikami [3], the cellular routing meth-
od of Hitchcock [4] and the stepping aperture
technique of Lass [5]. The channel roubing
technique being introduced in this paper ab-
tempts to combine the advantages of each of
the above algorithms. .The major objectives
of this new method are to increase the speed
of wiring and to increase the flexibility so
that a large percentages of connections can
be made with a minimum wire length.

In the channel routing algorithm all
connections are represented as collections of
wire segments as is done by Hightower and
Lass . Thege line segments however are free
to move sideways within the boundaries of a
given space which may correspond to a cell
used by Hitchcock but is many times larger
than the cells he uses. Finally wire seg-
ments can be moved from one space to another
in a manner similar to the method used by
Tass. The final assigmment of the wire seg-
ments to positions within a space is accom-
plished in an optimum manner by a simple and,
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efficient procedure. While the channel rout-
ing algorithm allows great flexibility in the
placing and moving of wire segments, it also

is very fast and easy to implement.

The channel routing algorithm was de-
signed to be used in roubing two layer print-
ed circuit boards which have the following
properties. The type of package employed is
a dual inline integrated circuit package
arranged on the board in straight rows and
columns (Fig. 1). Also there must be a cap-
gbility for a large number of "floating" via
holes. The positions of these vias are de-
termined by the channel routing program. The
reason for this is that the program will as-
sign all horizonital wire segments to one
gide of the board and all vertical wire seg-
ments to the other. (A modification of this
rule will be discussed in Appendix A.) All
connections between horizontal and vertical
wires are made by means of plated through via
holes. In general, each connection made on
the board will cause four vias to be as-
signed. The dependance of this algorithm on
inexpensive and reliable via holes is con~
gsidered the overriding factor determining its
usefulness.

The descripbion of the channel routing
technique depends heavily on the definition
of a space and a channel. First of all a
gpace is an area on a board which extends
from one edge to the other and may be of any
desired width. For the purposes of this
description the width of a space may be de-
fined to be equal to the distance between
rows or columns of packages on the board
(Fig. 2). Within a given space it will be
possible in general for several wires to run
parallel to each other. The maximum number
of wires which can run parallel is determined
by the minimum spacing between wires and the
width of the space. This number will be re-
ferred to as the number of channels available
in that space. As a subdivision of a space,
s channel also runs from one edge of the
board to the other.

The algorithm itself is composed of two
stages, space assigmment and channel assign-
ment. Space assignment is the process of




breaking each connection into a set of hori-
zontal and vertical wire segments and assign-
ing these wire segments to spaces on the
board. The details of how each connection
1s originally made will be discussed in a
later section. The assigning of wire seg-
ments to spaces takes no account of gvail-
able channels within the gspaces; they are
simply assigned ag 1if each space had an in-
finite capacity. After all wire segments
have been assigned to spaces, the channel
agsignment stage of the algorithm finalizes
the positions of the wire segments. More
than one wire segment can be assigned to one
channel as long as there is no overlap be-
tween wire segments in that channel (Fig. 3).
The algorithm used to assign channels places
all of the wire segments in a gilven space
into the minimum possible number of channels.
In this way it can be determined whether all
of the wire segments can be placed within
the physical dimensions imposed by the board
layout. If a given space is overcrowded,
i.e. requires too many channels, wire seg-
ments can be moved from it to a nearby space
which is not overcrowded. If all of the
spaces on the board become filled or over-
crowded through shifting of wire segments
then this algorithm would riot be able to
wire one hundred percent of the connections.

The remainder of the paper is devoted
to explaining the details involved in imple-
menting the channel routing program. Also,
a discussion is given of some of the possible
extensions and modifications that can be ap-
plied to the algorithm. The specific example
of wiring an ILLIAC IV Control Unit board is
used to demonstrate the application. It
should be noted that ILLIAC IV CU boards are
large, 165 components, multilayer boards
which were layed out and wired with much
difficulty due to transmission line effects.
For the purposes of this paper it will be
agsumed that these effects due to extrs high
speed can be ignhored so that all of the sig-
nal wireg can be connected on two layers us-
ing minimum distance wiring wherever possi-
ble.

BOARD LAYOQUT

The package arrangement on an ILLIAC IV
CU boards (Fig. 4) is composed of eleven
rows of packages with fifteen packages per
row giving a maximum of 165 packages per
board. Each component is a dual inline inte-
grated circuit package with sixteen pins.
The arrangement of holes for mounting thesge
packages is very orderly with gll of the gix-
teen holes lined up in two rows. The orderly
arrangement of packages on the board gives
rise to large open spaces which run between
rows and columns of packages. It is the
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wiring of these spaces which is of major in-
terest in this algorithm. The board being
considered has two sides available for wir-
ing, one for horizontal wire segments only
and one for vertical wire segments only.
Since wire segments are to be assigned to
spaces on the board, the side used for hori-
zontal wire segments will be divided into
horizontal spaces and the other side into
vertical spaces.

On the horizontal side of the board
there are ten ldentical horizontal spaces
between rows of packages. There is also
another type of horizontsl space, the space
beneath a row of packages. Because of the
arrangement of pins the only difference be-
tween these two types of horizontal spaces
is their width (Fig. 5). On the verbtical
side of the board there are also two types
of spaces, the spaces between columns of
packages and the spaces beneath columns of
packages. Since the vertical spaces beneath
columns of packages contain the package pins
they must be handled slightly differently
than any other spaces. For the specific
case of ILLTAC IV CU boards there are 19
horizontal channels and 16 vertical channels
available per package. This can be broken
down to the channel capacity for each type
of space on the board. Horizontal spaces be-
tween packages have a 14 channel capacity
while horizontal spaces beneath packages have
5 channels. Vertical spaces between packages
have a 9 channel capacity and vertical spaces
beneath packages have 7 channels (one wire
channel between each of 7 pairs of pins).

Plated through communicating holes,
called vias are assigned by the algorithm at
the end points of each wire segment. These
vias allow wire segments on one side of the
board to be connected to wire segments on
the other side so that a completed connection
can be made. In general many of these vias
will be assigned during the course of wiring
one board. For this reason the vias must
not have fixed positions and at the same
time they must be reliable. 1In the process
of performing the routing the information
concerning vias can be used %o create drill-~
ing instructions for producing the necessary
holes. At this point it should also be men-
tioned that great care must be taken to
allign the end points of the two wire seg-
ments to be connected so that the proper con-
nection will be made and no shorts will occun

SPACE ASSIGNMENT

Each connection made on the board is
specified by a starting pin and an object
pin. The connection itself is in general



broken up into five wire segments (Fig. 6).
At each of the two pins a short vertical
wire segment (A,E) is constructed which in-
itially extends to the center of one of the
adjoining horizontal spaces. A horizontal
wire segment (B) is next started from the end
of the short vertical wire (A) at the start-
ing pin and extended to the center of a ver-
tical space which adjoins the package con-
taining the object pin. From that point a
vertical wire (C) is created which extends
to the center of the horizontal space adja~
cent to the object pin. The final wire is a
horizontal wire (D) which completes the con-
nection. Many alternatives to the above des-
cription exist all of which produce a minimal
or close to minimal connections. In an
attempt to distribute wire segments evenly
over the horizontal and vertical spaces, an
arbitrary means of selecting one of the pos-
sible minimal paths has been employed.

The space assignment method described
gbove is a simplified technique which may not
allow complete wiring of the board. Basgic-
ally, incomplete wiring will result from one
of two conditions. First, it may not be
possible to make all of the connections re-
gquired within the physical restriction im-
posed by the board dimensions. This problem
may be solved by using a different placement
of components on the board or by decreasing
the number of components assigned to the
board. " Secondly, incomplete wiring may re-
sult from the overcrowding of one area of
the board. It is possible that the wire seg-
ments assigned to one space may overflow the
channel capacity of that space whereas all
other spaces may have very few channels used.
Some steps can be taken to avoid such a situ-
ation or to alleviate it after it occurs.

At the time of assigning a wire segment to

a space 1t is possible to determine how many
wires have already been assigned to that
space and to the other space on the board.
This information can be used to place a wire
segment in the least crowded of the spaces
to which it can be assigned. On the other
hand, after all channel assignments have been
made it is also possible to reassign wire
segments to new spaces so that a more even
distribution of required chamnels can be
realized. Since each wire segment can be
specified by its end points, it 1s an easy
matter to reassign a wire segment to a new
space and to make the necessary adjustments
to the end points of wire segments it con-
nects to.

In this initial asssignment of wire seg-
ments to spaces, all wire segments are as-
sumed to travel down the center of their as-
signed spaces. This assignment creates three
kinds of conflicts which must be resolved at

a later time. The conflict of many wires ov-
erlapping in the center channel of each space
is resolved by the second stage of the al-
gorithm. Via conflicts which arise from hav-
ing many wire segments end at the same point
are also resolved by the second stage. One
other type of conflict may result from this
method of space assignment. Since the con-
nection to each package pin is made by a
short vertical wire segment which does not
use up any channel ares, (vertical chamnels
go between package pins) it is assumed that
these connections can always be made and
therefore no information must be kept about
them. However two of these short wires may
be caused to overlap when channels are as-
signed to horizontal wires (Fig. 7(a)).

This type of conflict can be handled in sev-
eral ways and is presently resolved by an
extra stage in the algorithm which reroutes
one of the connections. If space is availl-
able in an adjacent channel this is quite
easily done (Fig. 7(b)).

CHANNEL ASSIGNMENT

After space assignment is completed
each space will contain a set of wire seg-
ments. These wire segments are regarded as
a set of intervals having an upper bound and
a lower bound (Fig. 8). The object of chan-
nel assignment is to position all wire seg-
ments in the fewest possible number of chan-
nels without any wire segments overlapping.
The first step in the procedure is to search
the 1list of intervals for the element which
has the greatest upper bound. This element
is assigned to the first channel and elimin-
ated from the list. The 1list is then search-
ed for the interval which has the greatest
upper bound which is less than the lower
bound of the previously chosen interval.
This element is also assigned to the first
channel and eliminated from the list. The
search is repeated until no element fulfills
the requirements, at which time the entire
process 1s repeated for the next channel.
When all of the intervals have been elimin~
ated from the list the channel assignment is
complete. This algorithm always uses the
minimum possible number of channels to fin-
alize the posibtions of all of the wire seg-
ments in a given space. The proof of mini-
mality will be given in the next section
along with an interesting extension.

When the channel assignments are being
made, precautions must be taken to ensure
that the wire segments which must be joined
to form a connection have end points which
coincide. At the conclusion of the space
assignment stage many conflicts may exist
since all wire segments are assumed to travel
down the center of the space. Assume that



two horizontal wire segments 1 and 2 (Fig.
9(a)) have the same end point. If vertical
wire segment 3 1s ‘to connect to 2 and verti-
cal wire segment L is to connect to 1 then
the two connections are sharing one via hole.
Channel assigmment is now performed on all
vertical wire segments. Since the upper
bound of wire 4 is not less than the lower
bound of wire 3, these two wire segments may
not be asgsigned to the same channel. For
this reason there can no longer be a via con-
flict between comnections 1-4 and 2-3, but
wire 1 may be in conflict with wire 2 (Fig.
9(b)). If such a conflict exists then wire 1
and wire 2 cannot be placed in the same chan-
nel when horizontal channel agsignment is
performed. When all channel assignment is
complete there is no conflict between con-
nection 1-4 and connection 2-3 (Fig. 9(c)).
Other combinations of conflicting wire seg-
ments can be formed, but the channel assign-
ment procedes in such a way as to always
eliminate wire overlap and via conflicts.

PROOF OF OPTIMAL CHANNEL ASSIGNMENT

The set of wire segments assigned to a
given space can be regarded as a set of in-
tervals as previously stated (Fig. 8). This
gset of intervals can be represented by a
directed graph (Fig. 10(a)). The nodes rep-
regent intervals and an arrow is directed
from one node to another if and only if the
lower bound of the first interval is greater
than the upper bound of the other interval.
Aggigning wire segments to channels corres-
ponds to covering the directed graph which
represents the set of wire segments with a
set of directed paths. A directed path is
composed of a set of nodes which are con-
nected by arrows such that all arrows point
in the direction of the path (Fig. 10(a)).
Selecting a path corresponds to assigning the
wire segments represented by the nodes on
the path to one channel without overlap: A
path cover of a graph is a collection of
paths which includes each node of the graph
exactly once. Two nodes in a directed graph
are sald to be incomparasble if no path exists
which includes both nodes. It has been shown
that the greatest number of mutually incom-
parable nodes which can be found in the &~
cycelic graph is equal to the minimum number
of paths which can be used to cover the
graph. This property was first proven by
Dilworth and the corresponding theorem bears
his name. [6] The largest collection of
mutually incomparable nodes ig referred to
as a maximal incomparable set and in genersl
several distinct incomparable sets from one
graph may be maximgl.

To show that the channel assignment al-
gorithm is optimal it must be shown that the
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number of channels used 1s equal to the mini-
mum number of paths which can cover the corre-
sponding directed graph. First of all a
method of constructing paths must be found
which corresponds to the method used to as-
sign wire segments to channels. Such a path
can be formed by choosing the node with the
greatest upper bound then choosing the arrow
emansting from that node which leads to the
node with the greatest upper bound. The path
is complete when a node is reached which has
no outgoing arrows. The first step in the
proof is to show that such a path which we

will call a max chain contains exactly one
member from each maximal incomparable set of

the graph. By definition no path can con-
tain more than one element of a maximal com-
parable set of nodes. Assume on the other
hand that a max chain can be found which con-
tains no members of a given maximal incom=-
parable set. If this assumption leads to a
contradiction then the first step is demon-
strated. Since none of the nodes in a path
N = mi, .., N ) are in a given meximal in-
comparable setPM = (Mg, ..., My} they must
all be comparable with a member of that set
(Fig. 11.) There is a node N, which is the
highest node with an incoming®arrow which
leads from a member of M. The next pre-
ceding node N; must have an outgoing arrow
which leads to a member My of M. From the
comparisons described above 1t follows that
the lower bound of My is greater than the
upper bound of N: and the upper bound of My
is greater than %he lower bound of M. There-
fore the upper bound of My is greater than
the upper bound of N:. This proves that N
is not a max chain since the arrow from Nj
to My was not chosen. Therefore every max
chain contains exactly one member from each
maximal incomparable set. FEliminating the
nodes along a max chain from the directed
graph reduces the size of each maximal in-
comparable set by one, reducing the number
of paths required to cover the graph by one.
Therefore the number of max chains which is
equal to the nunber of channels used is al-
ways the minimum. The authors discussed the
relation between this channel assignment sl-
gorithm and the other graph theoretical top-
ics [7].

This algorithm assumes that each wire
segment is an indivisible entity. The ques~
tion arrises as to whether fewer channels
would be required if a wire segment could be
split into independent subsections connected
by perpendicular wire segments. To show
that such a modification would not improve
the number of chennels required, a proof will
now be given that the size of the maximal in-
comparable sets is not decreased. Assume
that a wire segment which 1s a mewber of a
given maximal incomparable set can be broken



into several nodes so that none are incompar-
able with the maximal incomparable nodes.

The lower bound of any of these nodes would
be equal to the upper bound of the following
node to preserve continuity. Figure 11 can
again be used to show that a contradiction

is generated. Node My is shown comparable
with node My (L(Mg) > U(N3) = U(Ng) > U (Mg)).
Therefore such a division of one wire segment
can not reduce the size of a maximal incom-
parable set and thus cannot reduce the number
of channels required to place a set of wire
segments.

If channel agssignment 1s performed on
all the wire segments on a board without re-
gard for the interconnections they have, a
lower limit can be found for the number of
horizontal and vertical channels which must

"be available for wiring the board. The way
this is done is by assigning two wire sege
ments, one horizontal and one vertical, for
edch connection to be made such that all wire
segments are of minimum length. All of the
horizontal wire segments are assigned to one
horizontal space and all vertical wire seg-
ments to on vertical space. Finally channels
are assigned within these two spaces without
any attempt to preserve the connections. The
result is a lower limit on the number of hor-
izontal and vertical channels which must be
available on the board in order to wire all
of the connections. This result can be used
as an optimal limit against which the effect-
iveness of a given wire routing algorithm
can be meagured. Also such a result can be
used in the early stages of a gystem design
to help determine the physical dimensions of
a board once its logic has been specified.

PROGRAM AND RESULTS

The channel routing algorithm has been
programmed in ALGOL and run on a Burroughs
5500 computer. The program is divided into
two stages just as the algorithm is divided.
The first stage completes all connections to
be made on the board divides them into hor-
izontal and vertical wire segments and as~
signs all wire segments to spaces. The sec-
ond stage of the program finalizes the posi-
tions of all wire segments and debtermines
whether the board has been successfully wired.
The input to the program is a 1list of con-
nections each represented only by the coor-
dinates of its two end points. The output
of the program is a complete specification of
the wiring of the board.

Each wire segment created in the first
stage of the program must be associated with
information giving its position and how it is
to be connected. The position of & wire seg-
ment is specified by the coordinates of its
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end points. For each end point a pointer is
kept which gives the memory location of the.
wire segment that connects to that end point.
If one end of a wire segment connects to a
pin, a special pointer is inserted. The
final position of a wire segment is also re-
corded by storing the number of the channel
to which it is assigned. A tag is also as-
sociated with each wire segment to indicate
whether a final assignment has been made for
that wire segment. Since partial word fields
can be conveniently manipulated in ALGOL,
only one word of storage is needed to specify
each wire segment completely (Fig. 12).

During the space assignment stage of
the program one word of information is cre-
ated to represent each wire segment used.
These words are then stored in one of two
arrays. One array for horizontal wire seg-
ments and the other for vertical wire seg-
ments. The first dimension of each of these
arrays tells which horizontal or vertical
space the wire segment is assigned to. All
of the wire segments assigned to a given
space are stored in the array row correspond-
ing to that space. During the second stage
of the program the assignment of channels
within spaces is done for each space inde-
pendently. For this reason only one array
row must regide in core at a time. 1In a
multiprogramming environment this is gquite
convenient, especially since all array rows
are the same size. In the present program
the array rows have 256 elements so several
of them can fit easily on a small core ma-
chine even during multiprogramming. (B5500
has 32K words of memory.)

Several test runs have been performed
using wirelists for TILLIAC IV CU boards.
maximum number of components on a board is
165 and for each component there are 16 ver-
tical channels and 19 horizontal channels
available. Some boards with up to 103 com-
ponents and 500 connections were wired com-
pletely in less than 30 seconds processor
time. The program was tested using 40 boards
with 135 or fewer components. Of these, 23
were wired with less than 13 channels total
overflow (i.e. the sum of extrs channels re-
gquired from all spaces which overflowed).

The wiring of these 23 boards should be eas-
ily completed by reassigning a few wire seg-
ments to new spaces. The remaining 17 boards
could probably be completely wired on two
layers after considerable shifting of the
wire segments which have overlapped. All of
the CU boards with more than 135 components
have at least 151 components and most of
these are not consgidered wireable on two lay-
ers. Channel assignments were gttempted for
these boards without regard for space capac-
ity and up to 1200 connections were assigned

The



in less than one minute processor time.

POSSIBLE IMPROVEMENTS

The short run time and high wireagbility
of the developed routing program hgve proven
the usefulnegs of the channel routing algor-
ithm. Becguse of the simple nature of the
algorithm a channel routing program is very
inexpensive to implement. In order to im-
prove the applicability of the program, some
new features listed below are being consid-
ered for use in fubure versions of the rout-
ing program.

(a) Parallel running wires

In a high speed logic circuit, any two
gignal wires are not allowed to run side by
side for more than a certain predetermined
distance. Because of the data structure em~
ployed the detection of wires which run par-
allel for too long a distance is a simple
matter. Also, such a problem can be easily
resolved by changing channel numbers. Sup-
pose two wires in channels 1 and 2 of a given
space run parallel for too long a distance.
The problem can be eliminated by exchanging
channel 2 with channel 3.

(b) Better space assignment

The current version of the channel roub-
ing program assigns a unique vertical or hor-
izontal space to each wire segment even though
there are a few alternatives. The selection
of a particular space is made in a fixed way.
This assignment scheme may cause some local
congestion which could have been avoided if
the wire segments were distributed carefully.
A more flexible space assigmment algorithm
is now being developed in order to eliminate
the unnecessary local congestion which may
decrease the wireability.

(e) Better package placement

The channel routing progrem generally
divides a wire into five wire segments with
four viags. If a wire comnnects the two pins
which are either on the same horizontal row
of pins or two adjacent horizontal rows of
pins, the wire will be divided into three
wire segments with two vias. Accordingly, a
better routing will be obtained if the chane
nel routing program is combined with a place-
ment algorithm which considers the above fact
instead of or in conjunction with the total
wire length. Taking sdvantage of the short
run time of the channel routing program, an
iterative operation between routing and
placement programs seems possible.

(d) Reduction of vias

The approach described above will reduce
the number of vias before the routing is made.
It is also possible to reduce the number of
vias after routing is made. The authors have
developed an algorithm which, when applied on
a routed board, reassigns the wire segments
to sides of the board in such a way that a
minimum number of vies are used. The details
of the algorithm will be described in Appen-
dix A.

ACKNOWLEDGEMENT

The authors wish to thank Prof. D. L.
Slotnick for his valugble advice and encour-
agement. Thanks are also due to Mr. David
Pearson of Automation Technology Inc., for
his discussions.

REFERENCES

1. C. Y. Lee, "An algoritim for path con-
nections and its applications", IRE
Transactions on Electronic Computers,
(Sephember 1961), 3L46-365.

2. D. W. Hightower, "A solution to line-rout-
ing problems on the continuocus plane®,
Proc.1969 Design Automation Workshop,1l-24

3. K. Mikanmi and K. Tabuchi, "A Computer
Program for Optimal Routing of Printed
Circuit Conductors." Proceedings of the
IFIP Congress, 1968 Vol. 2 pp. 1475.

L. R. B. Hitchcock, "Cellular wiring and the
cellular modeling technique", Proc. 1969
Design Automation Workshop, 25-41.

5. 8. E. Lass, "Automated printed circuit
routing with a stepping aperture", Comm.
of ACM, 12, No. 5, (May 1969), 262-265.

6. R. P. Dilworth, "A Decomposition Theorem
for Partially Ordered Sets," Ann. Math.,
(2) 51 (1950), 161-166.

7. A. Hashimoto and J.E. Stevens, "Path Cov-
er of Acyclic Graphs', ILLIAC IV Document
No. 239, December 2k, 1970.

8. U. R. Kodres, "Formulation and solution
of circuit card design problems through
use of graph methods", in Advances in
Electronics Circuit Packaging, Vol. 2,

G. A. Walker, Ed., New York: Plenum 1962,
121-1k2.



APPENDIX A

ALGORITHM FOR REDUCTION OF VIAS

After accomplishing the wire routing by
the channel routing technique described in
this paper, we may be able to reduce the num-
ber of vias by moving some wire segments from

. one side of the board to the other. For ex-
ample, the routing shown in Figure A-1 re-
quires five vias, providing that all the ver-
tical wire segments have been assigned to one
side of the board and all the horizontal ones
to the other. Small circles in the figure
denote the vias. Only two vias remain nec-
essary if the wire segments are assigned as
shown in Figure A-2.

Now we will show that the problem of
minimizing the number of vias can be solved
by finding a maximum bipartite subgraph of
the graph derived from the routing. The two
sides of a board will be identified as side
A and side B for convenience.

Let V2 = {vi} and VV = [vj} denote the
sets of horizontal and vertical wire segments,
regpectively, and define V = vh U v,

Let B® be the set of all the unordered
pairs (vi, v.) such that vy and V3 intersect
if placed on“the same side of the board. Sim-
ilarly, BV is defined to be the set of all
the unotdered pairs (vj, v;) such that v; and
vi; must be electrically co%nected. Let
B"= BC U BV. Note that one component of a
pair in B belongs to Vi and the other to VV.

Regarding V and B as the sets of nodes
and branches, respectively, we obtain a bi-
partite graph G = (V, B). A bipartite graph
is a graph without a circuit of odd length.
Graph G of Figure A-3 is derived from Figure
A-1. The solid lines and the dotted lines
correspond to the branches in B¢ and BY, re-
gpectively.

¢ v=vAUVvBand § =V N VB then the

pair {VA, vB) is called a partition of V. A
partition {(vA, vB} is feasible if every branch
of B® connects a node in VA_and a node in VB.
A feasible partition [VA, VB} defines an as-
signment of the wire segments to the sides of
the board, that is, the wire segments in vA
and VB can be placed on the sides A and B,
respectively, without a conflict. For a given
feasible partition (VA, VB}, a branch in BV
requires a via if, and only if, it connects a
node in VA and a node in VB. Thus, our prob-
lem is reduced to that of finding a feasible
partition {VA, VB} which has a minimum num-
ber of branches of B’ connecting a node in vA
and a node in VB.
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A subgraph of G, defined by G° = (V, B®),
consistg, in general, of several connected
components Gf, G5, .04, G5, n>1. Iet Gf =
(Vi, B) and define V8 = v, N V0 and VY =
Vi N VY (Fig. A-b).

Proposition 1. No partition other than
(Vg, VX] is feasible for each Vi, i = 1,
2,540, N

This proposition is derived from the def-
inition of the feasibility and the fact that
Gf is a connected bipartite graph.

If & branch in BY connects a pair of
nodes in V; for some i, then the branch (or
the corresponding via) is called essential.
Let B® be the set of such branches. For ex-
ample, in Figure A-4 Be = ((5,6)}.

An essential via can not be

Proposition 2.
eliminated.

A branch in B® must connect a node in VB
and a node in VY for some i, but the two
nodes can not belong to the same subset of a
feagible partition due to Proposition 1.

Accordingly, only those vias which corre-
spond to the branches in BY - B® are the can-
didates for elimination. In our example,

vV - B® = [(112): (3:"")1 (7;8)’ (9;10)]'

Proposition 3. Let {(vA, VB} be a feasible
partition. 1If VB < VA and V] = VA (conse-
quently, V§ vB” and Vg & vB) then all
the vias corresponding to the branches con-
necting V; and V. are eliminated. Otherwise,
all of the vias fust remain.

This proposgition follows from the fact
that there is no branch between V? and V%,
or between VY and VY. For example, in Figure
A-h if VR, V¥ < VA and VY, VB < VB then the
two vias corresponding to the branches (1,2)
and (9,10) are removed. On the other hand,
if VB, v8 < vA and vy, Vi e vB then both vias
are ot removed.

Now, replace each Vi of G by a node v{

and eliminate all self-loops, then a graph
G*¥ = (V*, BV -Be), V¥ = {v{, v;,..., vﬁ} will
be obtained (Fig. A-5).

Assign O or 1 to each of the node of G*
arbitrarily, and let V? c VA, Wc VB 1r v*
is assigned O and VB < VB, VY < vA if vi
is assigned 1, then {VA, VB} is a feasible
partition of V. Conversely, any feasible
partition of V has a O-1 assignment of G* due
to Proposition 1. For a given partition



derived from a 0-1 agsignment, the number of
remsining non-essential vias is equal to the
number of branches in G¥ which connect two
nodes having the same value. The following
proposition will be eagily derived from the
definition of the bipartite graph.

Proposition 4. A1l the non-essential vias
can be eliminated if, and only if, the graph
G*¥ is bipartite.

Thus the via minimization problem is re-
duced to the following one. '"Given a graph
¢¥, find a bipartite subgraph of G¥ with a
maximum number of branches."

The graph G¥ of Figure A-5 is not bi-
partite and either the branch (vf, vé) or
(vh, v¥) must be removed in order to obtain
a %ipa%tite subgraph. If (VI, v¥) is selec-
ted, then the corresponding partition will
be as follows:

Veviuuvs - 2, 3, 5)
v v
v vy U v U vy = (4 6, 7,8, 9, 10)
The layout of the wire gsegments, specified
by this partition, is shown in Figure A-2.
Two vias remained; one for the essential
branch (5,6) and the other for the non-

essential branch (3,4) which was removed in
the bipartization process.

The problem of finding e maximum bi-
partite subgraph of a given graph may be
solved by either the minimum cover slgorithm
or the integer linear program [8]; however,
no efficient algorithm is known. But the
authors expect rather large connected com-
ponents, G5's, and a small graph G%, and
hence simpiicity in solving the problem.
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